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I.  INTRODUCTION 


The  term  "Homing  Guidance"  la  generally  associated  with  the  terminal  and 
mid-course  phases  of  missile  guidance;  wheihby,  one  vehicle  is  maneuvered  Into 
the  general  proximity  of  some  other  vehicle  or  location  with  the  purpose  of 
interception  or  rendezvous.  The  manner  In  which  the  mission  is  accomplished 
depends  not  only  on  the  specific  objective,  but  It  also  relies  upon  the  types 
of  Information  (e.g. ,  range,  line  of  sight,  etc.)  that  are  available. 

The  use  of  "Homing  Guidance"  for  atmospheric  Interceptors  has  been  very 
extensive.  However,  because  the  maneuvering  of  the  vehicle  was  accomplished 
with  aerodynamic  surfaces,  the  early  analysis  was  chiefly  concerned  with  minimiz¬ 
ing  the  miss  at  Intercept.  Although  this  consideration  is  also  very  Important 
In  the  space  application  of  "Homing  Guidance,"  the  problem  of  weight,  which  Is 
closely  related  to  the  fuel  requirement  of  the  interceptor,  becomes  another 
Important  area  of  concern.  Throughout  this  report  the  fuel  requirement  will 
always  be  used  as  a  criterion  to  measure  the  value  of  the  particular  guidance 
scheme  Involved;  and,  therefore,  the  vehicle  is  assumed  to  have  the  capability 
of  obtaining  the  required  accuracy. 

In  this  report,  only  the  problem  of  interception  without  regard  for 
terminal  velocity  vlll  be  considered.  The  problem  Is  also  restricted  to  the 
use  of  Information  regarding  the  line  of  sight,  or  Its  rate.  Ibis  type  of  infor¬ 
mation  can  be  obtained  from  radar,  Infrared  trackers,  optical  seekers,  and  various 
other  sensors. 

The  assumption  of  restrictive  sensor  information  requires  that  a  guidance 
law,  which  uses  only  line  of  sight  Information,  must  be  developed.  This  Can 
be  accomplished  in  several  ways;  the  simplest  is  "Pure  Pursuit."  .. 

In  the  "Pure  Pursuit"  type  of  navigation,  the  interceptor  is  aimed  at 
the  targst  at  all  times.  The  analytic  analysis  of  this  problem  using  differential 
geometry  (Reference  5)  has  been  very  extensive;  and  the  results,  which  are 
typified  by  Figure  1-1 ' ,  show  that  oven  for  a  near  head-on  launch  a  tail  chase 
usually  results.  This  type  trajectory  Indicates  that  extensive  maneuvering, 
which  implies  excess  fuel  consumption,  is  taking  place.  81nce  this  is  a  highly 
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Figure  1-1  Typical  Pure  Pursuit  Collision  Trajectory 


undesirable  situation,  a  more  economical  method  of  navigation  is  needed. 


A  scheme  that  requires  less  manueverablllty  is  that  of  "leading"  the 
target  or  the  so  called  "Constant -bearing  Collision."  (See  Reference  1.) 

This  method  consists  of  aiming  at  a  point,  on  the  target's  trajectory,  that 
is  ahead  of  the  Immediate  position  of  the  target  and  adjusting  the  interceptor 
velocity  to  cause  intercept  at  the  predetermined  point.  A  graphical  example 
of  this  type  of  navigation  for  a  constant  velocity  target  is  given  in 
Figure  1-2.  This  diagram  also  shows  that  the  line  of  sight  remains  at  the  same 
orientation  in  inertial  space  throughout  the  flight.  If  this  idea  is  generalized, 
it  can  be  shown  that,  whenever  the  time  rate  of  change  of  the  line  of  sight  is 


POINT  OF 
INTERCEPT 


zero,  the  Interceptor  is  on  a  collision  course.  Thus,  if  the  thrust  direction 
is  correct,  &  guidance  lav  that  thrusts  proportional  to  the  line  of  sight  rate 
and  drives  this  rate  to  zero  can  he  established.  This  is  called  Broportional 
Navigation  and  can  be  expressed  mathematically  as: 

Aj  ■  Nd  (1.1) 


where 

Aj  ■  Interceptor  acceleration 

m  .a 

dr  ■  ££  ■  line  of  sight  rate 
N  »  Scale  factor 

Since  the  above  relation  does  not  specify  the  direction  of  the  accelera¬ 
tion,  it  is  insufficient  as  a  guidance  lav.  Because  this  is  a  space  application, 
it  is  unlike  the  atmospheric  Interceptor  which  was  limited  to  accelerations,  nomal 
to  its  velocity  vector.  Therefore,  the  acceleration  can  have  any  orientation, 
and  the  direction  of  the  thrust  should  be  choosen  so  that  fuel  consumption  is  * 
minimized. 

The  fuel  expenditure,  AV,  can  be  minimized  in  the  problem  if  the  proper 
acceleration  Impulse  or  step  velocity  change  is  made  at  the  initial  point, 
t  ■  0.  If  the  orientation  or  direction  of  the  acceleration  which  minimizes 
dV  is  obtained,  the  result  can  be  applied  to  Equation  (l.l)  to  complete  the 
guidance  lav. 

The  problem  can  be  most  easily  formulated  in  the  relative  interceptor 
configuration  which  is  shown  in  Figure  1-3  •  Because  of  its  simplicity,  this 
two-dimensional  representation  will  be  used  throughout  the  report.  However, 
the  ideas  and  concepts  expressed  are  applicable  to  the  three  dimensional  case.". 
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Figure  I  >3  Relative  Interceptor  Qscmatry 

The  notation  in  the  above  diagram  can  be  Interpreted  In  the  following  manner. 

V  ■  V-  -  V_  »  initial  relative  velocity  vector  of  interceptor  with 

o  Ao  respect  to  the  target 

V  ■  initial  interceptor  velocity  vector 

V 

V-  -  initial  target  velocity  vector 
Ao 

AV  «  step  velocity  increment  applied  to  the  Interceptor 


If  the  following  constraints  axe  applied  to  the  problem,  at  can  be  date  mined 
for  minimum  AV  in  the  following  manner. 

Constraints  i  Ay  >  0,  i  >  0,  D  >  0 

The  equation  of  motion  which  leads  to  intercept  Is. 


1  AV  sin  at  T 

tan  A  -  tr  ■  —  &>•- . 

(V0  +  A  Vcos  or)  T 

or 


(1.2) 


(1.3) 


* 


The  constraints  are  satisfied  if  D  sin  a  -  l  cos  a  >  0.  The  fuel  consumption, 
AV,  can  be  minimised  by  maximizing  the  denominator  of  Equation  (1.3): 


f  (or)  ■  D  sin  a  -  A  cos  or 
f'tcr)  •  D  cos  a  +  4  sin  or  ■  0 


(1.10 


tan  a 


+0 

m  m  1 


Since  the  value  of  a  obtained  from  Equation  ( 1.4 )  can  be  shown  to  minimize 
Equation  (1.3)  under  the  above  constraints,  the  minimum  fuel  Is  expended  If 
the  thrust  is  applied  nomal  to  the  line  of  sight. 

Although  this  method  minimizes  fuel  consumption,  It  also  Implies  a  pulse 
or  Infinite  acceleration  requirement.  Since  this  is  not  practical,  the 
expression  In  Equation  (l.l)  Is  used  In  conjunction  with  the  direction  obtained 
for  minimum  fuel  consumption  to  obtain  Equation  (1.5); 


(1.5) 


where 


eR  »  unit  vector  along  the  line  of  sight  directed  toward  the  target 


Equation  (1.5)  completely  defines  the  guidance  law  for  "Proportional 
Navigation. "  The  magnitude  of  the  ccnnanded  acceleration  in  this  scheme  Is 
proportional  to  the  line  of  sight  rate,  anc*  its  direction  Is  normal  to  the 
line  of  sight.  Therefore,  this  guidance  law  uses  only  line  of  sight  informa¬ 
tion,  and  It  Is  consistent  with  the  previous  assunptions. 

It  is  important  to  note  here  that  this  type  of  homing  guidance  assumes 
that  the  interceptor  has  been  launched  toward  the  target  with  some  initial 
velocity,  and  this  velocity  Is  sufficient  to  over-take  the  target  If  the  direc¬ 
tion  of  flight  is  controlled  properly. 
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II.  TRAJECTORY  EQUATIONS 


Before  the  problem  of  intorceptor  navigation,  con  be  further  Investigated, 
It  Is  necessary  to  derive  the  equations  which  describe  the  interaction  of  the 
Interceptor  maneuvering  and  the  relative  kinematics  of  the  system.  An  elementary 
Illustration  of  the  closed  loop  behavior  of  these  equations  is  given  in  figure  II 


Figure  II-l  Block  Diagram  of  Interceptor  Trajectory 

The  use  of  line  of  sight  rate,  6,  In  the  diagram  Is  merely  to  fit  the 
needs  of  this  problem.  In  general,  the  signal  would  be  any  sensor  Input  or 
information  source  that  satisfied  the  requirements  of  the  mission.  The  lnterr 
ceptor  dynamics  generally  Include  leads  and  lags  In  the  system,  but  perfect 
dynamics  will  be  assumed  in  this  section,  as  the  block  can  be  considered  to 
have  unit  gain.  The  extension  of  the  formulation  to  Include  lags  and  leads 
will  appear  later  in  the  report  (Section  V). 


The  kinematic  equations  of  motion  can  be  derived  In  several  ways. 
Including:  perturbation  techniques  (Reference  3),  small  angle  approximation 
(Reference  1,  2  &  4),  and  assumptions  and  linearization  of  the  exact  equations 
of  motion  (Reference  6).  In  this  section  the  latter  technique  will  be  used 
on  the  two-dimensional  case,  but  the  derivation  in  three -dimensions  is 
possible  since  it  is  shown  in  Reference  1. 


INTERCEPTOR 


Figure  II-2  General  Interceptor-Target  Geometry 

The  target-interceptor  geometry  Is  shown  in  Figure  II-2.  The  equations 
of  motion  axe  written  In  a  two-dimensional,  rotating,  orthogonal  coordinate 
system  (e^,  e^).  The  reference  frame  rotates  with  an  angular  rate,  or,  with 
respect  to  inertial  space  (positive  sense  Is  given  to  dr  if  it  projects  up  out 
of  the  page)..  The  exact  equations  of  motion  are: 

M  *  *2  R  "  ^  "  ^air  “  °ir) 

OR  +  2  d  R  -  (A^  -  Gfcj)  -  -  Ojjj)  (2.2) 

where 

A,p  ■  target  acceleration  due  to  thrust 
Ag  *  Interceptor  acceleration  due  to  thrust 
0T  -  gravitational  acceleration  at  the  target 
Gj  *  gravitational  acceleration  at  tie  interceptor 
eR  »  unit  vector  along  the  line  of  sight  directed  toward  the  target 
•  unit  vector  normal  to  the  line  of  sight 


‘w’V'h 

*M  *  *»  •  *» 

^  *  *» 

««•  Vs* 


Ara  ‘  *i  * 
Ai*  ’  H  ' 


es 


°n  '  °i  •  *» 
°n  *  ®i  • 


Vj  ■  velocity  of  the  Interceptor 
VT  »  velocity  of  the  target 


Since  nost  of  the  quanti ties  In  Equations  (2.1)  end  (2.2)  era  functions 
of  tine,  e  completely  general  solution  of  these  equations  cannot  he  found. 
Therefore,  simplifying  assumptions  that  use  a  knowledge  of  the  physical  problem 
and  the  type  of  navigation  will  be  made  to  linearise  the  kinematic  equations 
of  motion.  These  assumptions  are: 


1.  Oj  -  dy  cm  0  or  0IR  -  w  0  and  aa-am-° 

These  quantities  are  neglected  because  the  gravity  differential  over 
the  ranges  Involved  In  most  Interceptor  problems  Is  only  a  few  feet  per  second 
squared,  and  the  thrust  motors  used  Involve  accelerations  of  several  g's. 


2-  *11. -° 

Because  proportional  navigation  Is  used.  It  has  been  shown  in  Equation 
(1.5)  that  the  guidance  accelerations  will  only  bo  applied  normal  to  the  line 
of  sight. 

3.  d2  *0 

Since  the  guidance  lav  tends  to  drive  the  line  of  sltfit  rate  to  sero, 

6  can  be  assmed  to  be  small  In  the  terminal  phase;  and,  therefore,  d2  is  a 
second  order  term  and  can  be  neglected. 

e 

4.  R  •  «V0  «  constant  closing  velocity 
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If  the  Interceptor  Is  assumed  to  have  sufficient  initial  velocity  to 
overtake  the  target  regardless  of  the  target  acceleration  along  the  line  of  , 
sight  and  if  Vc  »  4P5)  dt  is  true  for  the  terminal  phase  of  interception! 

the  assumption  of  constant  closing  velocity  follows  from  Equation  (2.1). and 
the  ilrst  three  assumptions.  From  this  assumption  it  la  follow*  that 

R  -  R0  -  Vct  \  (2.3) . 

T*  -  Ro  (2.4) 

Vc 

where 

R  ■  initial  distance  between  the  target  and  Interceptor  along  the 
line  of  sight 

Tf  -  total  guidance  time 

Since  Equation  (2.1)  has  already  been  linearized  to  obtain  Assumption  4, 
the  motion  can  be  completely  described  by  applying  Assumption  4  and  Equations 
(2.3)  and  (2.4)  to  Equation  (2.2).  The  resulting  linearized  kinematic  equation 
of  motion  is: 


<R0  -  V0t)  S  -  2VC  i  .  -  Aj,,  (8.5) 

The  so  called  "Trajectory  Equation"  can  be  obtained  from  Equation  (2.5) 
by  replacing  the  interceptor  acceleration  term  by  the  guidance  law.  In  the  case 
of  proportional  navigation,  the  trajectory  equation  becomes: 

(R0  -  Vct)  o  -  2Vc  6  -  A^  -  N  d  (2.6) 

or  t 

(R0  “  Vct)  a  +  (N  -  2VC)  d  -  A^jj  (2.7) 

Since  this  equation  is  first  order  in  d,  it  has  a  closed  form  solution. 


III.  PROPORTIONAL  NAVIGATION 


Nov  that  the  guidance  lav  and  trajectory  equation  have  been  established 
for  Proportional  Navigation,  the  behavior  of  the  Interceptor  can  be  established 
by  solving  the  trajectory  equation.  For  convenience.  Equation  (2.7)  can  be 
put  In  the  folloving  fom: 


(3.1) 


or 

(Tf  -  t)  o  +  (X  -  2)  c  -  (3.2) 

Vc 

vhere 

N 

X  -  y  ■  navigation  constant  or  navigation  gain 

C 

From  the  definition  of  this  constant,  the  more  videly  accepted  fom  of 
the  guidance  lav  for  Proportional  Navigation  can  be  written.  It  Is, 


Aj  “  vc  ®R  *  *  (3*3)  . 

or 

Aj  -  \VcSxeR  (3.4) 

The  general  closed  fom  solution  for  Equation  (3.2)  can  be  found  in  the 
folloving  manner.  Multiply  Equation  (3.2)  by  (Tf  -  t)“^  "  and  it  becomes 

<*,  -  t>'(*-2)  s  ♦  U-2)  <Tf  -  t)-**-1*  t  ’  pZ  (3.5) 

i  *  (Tf  -  t)-H  .  ^  <T,  -  t)-<W)  (3.6) 

The  solution  is 

4  -  (T,  -  S)X"2  |  %  (T.  -  it  ♦  4  (1  -  |  )X*2  (3.7) 

°  Vc  0  Tf 

vhere 

&0  ■  initial  condition  on  the  line  of  sight  rate. 


Thus,  the  line  of  sight  rate  is  caused  by  tvo  separate  effects.  The 
first  term  shovs  the  rate  due  to  target  acceleration  normal  to  the  line  of 
sight,  and  the  second  tern  shovs  the  effect  due  to  initial  or  launch  errors. 
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Since  the  commanded  Interceptor  acceleration  ia  proportional  to  dr,  Equation  (3*7) 
can  he  used  to  obtain  an  understanding  of  the  required  interceptor  capability* 
Using  Equations  (3«^)  and  (3*7)  the  expression  is 

*!  -  -  t)x-2  J*  (Tf  -  at  U»C4C(1. 1  )Ui  (3.8) 

Since  t  “*  Tf  at  intercept,  it  is  obvious  that  the  navigation  constant, 

X,  must  be  greater  than  2  if  intercept  is  to  be  accomplished  with  a  finite 
acceleration  capability.  The  effect  of  increasing  X  can  best  be  shown  by 
considering  the  simplified  example  of  a  non-accelerating  target.  In  this  case 
Equation  (3*8)  becomes 

AI  ■  X  vc  *0  <l  -  (3.9) 

The  approximate  fuel  consumption  is 

Tf 

AV  -  ,fo  |AX|  dt  (3.10) 

If  b  >  0,  Equation  (3 .10)  becomes 
°  T 

av-  /  xv  *  (i 1  )k's  at  (3.11) 

TeTf*o  <3.12) 

■X^Ro*o  (3.X3) 

Thus,  the  minimum  amount  of  fuel  is  consumed  as  X  -  ®.  This  case  can 
be  seen  to  correspond  to  the  example  shown  in  Section  I  where  the  entire 
correction  is  made  by  a  pulse  acceleration  at  the  beginning  of  flight.  Since 
this  implies  an  infinite  acceleration  capability,  it  is  impractical.  However, 
the  example  tends  to  show  that  as  X  is  Increased  the  error  is  corrected  sooner, 
and  less  fuel  is  consumed.  This  simplified  approach  does  not  bring  into 
account  other  factors  which  limit  the  maximum  value  of  X,  such  as  noise  on 
the  sensor  output  and  system  limitations.  If  these  are  considered,  k  <  X  <  10 
has  been  found  to  be  a  practical  range  of  operation. 

Besides  lending  an  intuitive  interpretation  of  the  navigation  constant, 
this  example  has  shown  that  a  Proportional  Navigation  sc'.ieme  will  work  .very 
well  against  non-accelerating  targets.  This  conclusion  can  be  reached  because 


11 


the  solution  degenerates  to  the  optimum  case  (from  the  standpoint  of  fuel 
consumption)  In  the  limiting  case. 


The  effectiveness  of  the  standard  Proportional  Navigation  against  an 
accelerating  target  can  best  he  examined  by  considering  another  simple 
example  vhlch  Is  that  of  the  constant  accelerating  target.  With  this 
assumption,  Equation  (3.8)  reduces  to 


h  "  ^tnX^ 


"  AI  +  AI 

h 


u 

i  -  a  -  = ) 

V 

m  m 


♦  *0 x  U  h  - 1/'2 


(3.1*0 


where 


go  m 

\’*n  hi  i  -  (i  •  |f)x'2 

m  - 


-  part  of  the  Interceptor  acceleration  due  to  target,  acceleration 

\  -  *0  x  Vc  f1  -  I/"2 

«  part  of  the  Interceptor  acceleration  due  to  launch  or  Initial  errors. 


Since  Aj  Is  mono  tonic  ally  Increasing  with  time  and  because  Is 
monotonically  decreasing  with  time,  the  interceptor  can  be  interpreted  to 
first  null  the  error  due  to.  launch  misalignments  and  then  compensate  for 
target  accelerations  normal  to  the  line  of  sight.  The  adverse  effects  which 
may  occur  In  certain  situations  because  of  this  sequential  nulling  phenomena 
are  Illustrated  in  Figure  III-l  .  Although  this  Is  an  exaggerated  trajectory, 
it  typifies  the  "S-shaped"  maneuver  which  may  occur  when  Proportional 
Navigation  is  used  in  the  interception  of  an  accelerating  target.  The 
excessive  maneuvering  tends  to  Imply  large  fuel  expenditures.  The  verifica¬ 
tion  of  this  point  can  be  accomplished  analytically  using  Equation  (3.10). 

(See  Reference  4.) 
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INTERCEPTOR 


MtT^TTeniy 


Figure  III-l  Interceptor  Trajectory  for  an  Accelerating  Target1 

In  this  case,  increasing  X  does  not  lead  to  the  optimum  case.  As 
X  •*  *,  Aj2  approaches  the  impulse  acceleration  required  to  correct  the 
launch  error  that  would  exist  if  the  target  did  not  accelerate,  and  Aj^ 
tends  to  match  the  component  of  the  target  acceleration  norma],  to  the  line 
of  sight  throughout  the  entire  flight.  This  situation  is  completely 
opposed  to  the  basic  advantages  of  Proportional  Navigation  because  it  does 
not  guide  the  interceptor  to  a  lead  collision  course.  Therefore,  unlike  the 
non-accelerating  target  case,  the  optimum  situation  is  not  obtained  as  X  «•  «*, 
It  can  be  concluded  that,  although  an  accelerating  target  can  be  inter¬ 
cepted  with  Proportional  Navigation,  this  technique  is  not  desirable  from 
the  standpoint  of  fuel  consumption ;  and  a  modified  guidance  lav,  which  Is 
more  efficient,  is  needed. 


graphical  technique  for  determining  these  trajectories  is  given  in 
Reference  9> 


.1 


IV.  BIASED  PROPORTIONAL  NAVIGATION 


With  the  inefficiency  of  the  proportional  navigation  scheme  against 
accelerating  targets*  the  need  for  a  modified  guidance  law  becomes  obvious. 
Since  the  initial  step  change  in  velocity  is  the  most  efficient  from  the 
fuel  consumption  standpoint*  a  guidance  law  that  corrects  the  launch  errors 
and  compensates  for  the  target  acceleration  early  in  flight  would  be  very 
desirable.  This  implies  that  the  interceptor  would  essentially  fly  a 
straight  line  trajectory  after  the  early  corrections.  Bowe"  » ,■  this  type  of 
intercept,  which  is  shown  in  Figure  IV-1*  does  not  have  a  zero  line  of  sight 


Figure  IV-1  Lead  Intercept  of  an  Accelerating  Target 

rate  when  the  interceptor  is  on  a  straight  line  collision  course.  Ibis 
factor  helps  to  account  for  the  inefficiency  of  Proportional  Navigation 
against  accelerating  targets.  If  the  relative  trajectories  of  the  target 
and  interceptor,  in  particular  the  target  acceleration  profile,  ore  known* 
the  interceptor  can  be  guided  to  tae  desired  line  of  sight  rate;  and* 


therefore,  put  on  a  straight  line  collision  bourse.  Thus,  rather  than  nulling 
the  line  of  sight  rate,  the  difference  between  the  Inertial  line  of  sight 
rate  and  sane  desired  line  of  sight  rate  oust  be  nulled.  This  concept  Is 
more  commonly  stated  as  "nulling  the  biased  line  of  sight  rate."  With  this 
intuitive  approach,  the  guidance  lav  for  "Biased  Proportional  Navigation" 
can  be  stated  as 


*1  ■  *  \  (*  -  v 

(4.1) 

where  -  bias  or  compensating  line  of  sight  rate. 

Vectorlally  this  Is  stated  as 

Ax  -  -X  Vc  eR  x  (5  -  7b) 

(4.2) 

or 

Aj  -  X  Vc  (5  -  7b)  x  eR 

(4.3) 

The  trajectory  equation  In  this  case  can  be  obtained  by  starting  with 
the  linearized  kinematic  equation  of  motion.  Equation  (2.?)  and  Inserting 
the  guidance  lav.  Equation  (4.1).  The  result  Is 


(R  -  V  t)  o  -  2V.  d 
o  c  c 


•  x  vc  -  V 


or 


(Tf  -  t)  a  +  (X  -  2)  d  -  ♦  X  6^ 


The  general  solution  of  Equation  (4.$)  Is 


*  -  (Tt  -  t)X'2  J0  3  .  X  (Tf  -  tP~*+'  dt  +  4  'ft 

c 


(4.4) 

(4.5) 


|  )*"2  (*.6) 
Af 


The  value  of  the  bias  that  minimizes  fuel  consumption  can  be  obtained  In 
several  ways.  One  of  these  is  toe  minimize  AV  in  Equation  (3.10)  (Reference  4); 
another  is  to  use  a  modified  trajectory  equation  to  specify  an  ideal  kinematic 
model  (Reference  8).  In  this  report,  the  second  approach  will  be  used. 

If  the  interceptor  is  on  a  direct  or  straight  line  collision  trajectory 
and  if  the  optimum  bias  is  in  the  system,  the  Interceptor  appears  to  be 
tracking  a  non-accelerating  target.  In  other  words,  the  interceptor  is 
essentially  flying  a  Proportional  Navigation  scheme  where  It  senses  .'a  line 
of  sight  rate  of  (d  -  dfc)  and  a  target  acceleration  of  A^  -  (R0  - 
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Since  proportional  Navigation  was  shown  to  be  more  efficient  against  non- 
accelerating  targets;  the  bias  should  be  chOi  *n  such  that: 


(Ro  *  V>  %  (0PT)  "  2  Vc  *b  (0FP) 

or 

(Tf  -  t)  ob  (OPT)  -  2  \  (0 W) 
Thus;  the  optirnm  bias  is 


(4.7) 

(4.8) 


db  (OPT)  -  (Tf  -  t)'2  (Tf  -  t)  JP  dt  +  (Tf  -  t)’2  T2  ^  (4.9) 

c 

where  d.  is  the  initial  bias  value 
bo 


If  the  bias  is  optimum  at  t  *  0,  it  will  compensate  for  the 
accumulative  effect  of  target  acceleration  over  the  entire  time  of  flight. 
Therefore;  the  expression  for  the  optimum  biaB  is 

*b  (OPT)  -  (Tf  -  t)"2  JT  (Tf  -  t)  JP'  dt  (4.10) 

7Pf  C 

In  general;  this  is  time  varying  function;  but  in  the  case  of  a  constant 
accelerating  target,  it  becomes: 

db  (OPT)  -  ^  (4.11) 

c 

To  demonstrate  the  value  of  this  bias,  the  solution  of  the  trajectory 
equation  must  be  solved  for  the  same  case.  Upon  integrating  Equation  (4.6) 
and  substituting  in  the  guidance  lav,  Equation  (4.1),  the  required  inter¬ 
ceptor  acceleration  is  found  to  be: 

AI  “  X-2  ^  ^TN  +  2Vc  ^  +  XVc  ^b  "  (4-2)  Vc  d0l(l  -  ^)  )  (4.12) 

If  the  options  bias,  Equation  (4.11),  is  used  in  Equation  (4.12),  the 
result  is 

*j  -  tt  ^  ♦  X  Tc  Cl  -  |  (4.13) 
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She  fuel  consumed  In  this  case  is 

Lymbi  C“T  Tf +  Tf  vc  V  (4.14) 

Here i  as  In  the  case  of  Proportional  Navigation  against  a  non¬ 
accelerating  target,  the  fuel  consumption  is  minimized  as  the  navigation 
gain  Is  increased  without  bound.  It  is  also  interesting  to  note  that  the 
limiting  case  fuel  consumption,  Equation  (4.15),  1*  identical  to  that  required 
by  a  step  velocity  change  at  t  *  0  which  is  the  optimum  case  . 


11m  . 

X  -  •  AV  -  ~  Tf  +  Tf  vc  *0 

(4.15) 

Bln  IV.  -fi  Tf  +  R0d0 

(4.16) 

Because  the  Biased  Proportional  Navigation  guidance  law  leads  to  the  physically 
unreallzeable  optimum  In  the  limiting  case,  it  can  be  concluded  to  be  ia  very 
good  scheme  against  accelerating  targets. 

Although  the  discussion  in  the  previous  paragraphs  tends  to  show  the 
advantage  of  Biased  Proportional  Navigation,  It  neglects  the  difficulty  of 
target  acceleration  prediction.  If  the  acceleration  profile  Is  not  known 
exactly,  it  would  be  impossible  to  obtain  the  optimum  biased,^  (opt).  i 

Therefore,  an  alternate  scheme  that  has  been  called  constant,  part lad,  or  crude 
biasing  has  been  devised.  This  techniques  uses  a  constant  bias  which  is 
based  on  an  average  or  estimated  value  of  the  target  acceleration.  The 
analytical  Investigation  of  this  type  of  bias  has  been  conducted  In  Reference  4 
and  8.  The  results  show  that,  if  the  bias  falls  In  a  particular  interval,  a 
considerable  saving  in  fuel  consumption  can  be  realized  over  the  case  of 
ordinary  Proportional  Navigation.  However,  if  the  established  bias  does  noi- 
fall  within  the  desired  range,  extensive  fuel  expenditures  may  result.  Even 
near  the  edges  of  this  allowable  bias  Interval,  the  weight  trade-off  between 
additional  equipment  needed  for  bias  implementation  and  actual  fuel  savings 
may  be  such  that  Proportional  Navigation  may  be  desirable. 

From  the  preceding  discussions,.  It  Is  obvious  that  whether  or  not 
constant  biasing  should  be  used  depends  upon  the  mission  of  the  interceptor 
and  the  accuracy  of  prediction  or  detection  of  the  target's  acceleration 
profile. 


The  discussion  in  the  two  preceding  paragraphs  describes  only  one  of 
the  problems  associated  with  Biased  Proportional  Havlgatlon.  Some  of  the 
other  areas  of  Interest,  which  must  be  Investigated  before  an  actual  guidance 
system  can  be  realised,  are  listed  below. 

1.  Does  the  fuel  savings  compensate  for  the  weight  of  the  additional 
equipment  required  to  implement  a  time  varying  blast 

2.  How  can  the  orientation  of  the  bias  be  determined  and  meehanlaed 
In  three-dimensions? 

3.  How  does  a  biased  scheme  effect  the  miss  distance? 

4.  How  can  the  target's  acceleration  be  predicted  and  determined  In. 
both  magnitude  and  direction? 

These  and  many  other  questions  must  be  answered  before  Biased  Proportional 
navigation  can  be  used  as  a  guidance  scheme  la  any  particular  mission* 
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V.  TIME  I MB  AID  F06SIBUC  METHODS  OF  SOLUTION 

Zn  Section  ZZ*  Figure  II-l*  a  block  diagram  which  chowa  the  oloaed 
.  .  loop  nature  of  the  relative  trajectory  vae  given.  Zn  that.  Motion*  aa  In  all 
of  the  preceding  seotions*  the  Interceptor  vae  asauaed  to  have  perfeot 
dynamic  a.  However*  a  more  realistic  aituatlon  would  be  attained  If  aome 
tranefer  function  were  aaelgned  to  the  Interceptor  dynaalee.  Although  moat 
work  of  thla  nature  haa  been  done  with  computers,  a  few  papera  have  been 
written  on  the  analytical  analyaia.  Becauae  the  eflbota  of  lnteroeptor 
dynamic  a  cauae  lncreaaed  fuel  conaumptlon  and  loaa  of  accuracy*  the  formulation 
of  a  apeclflc  problem  will  be  given  here.  Zt  la  hoped  that  the  mathematical 
model  will  help  to  demonatrate  how  the  actual  phyaloal  aituatlon  can  be  more 
accurately  repreaehted. 


For  this  particular  problem*  as  erne  that  the  Interceptor  dynamloe  are 
represented  by  a  transfer  function*  F  (a)*  and*  more  epeolfioally*  it  will 
be  a  first  order  lag.  therefore*  the  system  dynamics  can  he  repreeented  •  by 


T  (•)  -  _1_ 

.  TS  ♦ 


<5.1) 


where 


a  ■  the  differential  operator*  ^ 
t  -  time  constant 

Thus*  for  Proportional  navigation1*  the  combined  interceptor  dynamloe  and 
guidance  lav  have  the  following  form. 


'ZH  ts  +  1 


(5.8) 


Using  Equation  (5.2)  in  the  linearised  kinematic  equation  of  motion* 
Equation  (2.5)*  the  trajectory  equation  becomes 


<«0  -  V>  **  •  *  ■  *Ti  -  TTTI  *  <V3) 


Tfc.  for»ul»tioo  for  Uuod  Proportion^.  S.ria.tiOQ  1.  vary  .lalUr. 


1* 


or 

T  (Tf  -  t)£-|  +  [  (T^  -  t)  -  3t]  H  ♦  (X-2)  6  m  ^  ~5  +  ^2£  (5,4) 

To  simplify  the  formulation,  it  Is  convenient  to  non-dlaenslonallse  the 
Independent  variable,  t.  This  can  be  accomplished  by  letting 

Tf  -  t 

X-~T-  (5.5) 

Therefore, 


d_  jd.  d_ 
dt  "  T  dx 


(5.6) 


And  the  trajectory  equation  takes  the  following  fora.  (The  appropriate 
variable  transformation  are  assumed  to  be  made  in  all  functions.) 


-<«>g  ♦<«>*. ^  (5.T) 

dx  c  c 

This  equation  can  be  recognized  to  be  the  confluent  hypergecmetric  equation 
(Reference  7> )  which  has  been  thoroughly  Investigated  in  the  literature.  The 
advantage  of  arriving  at  this  particular  equation  is  that,  although.  Equation 
(5.7)  has  singular  points  at  x  ■  0  and  Infinity,  the  singularity  at  x  »  0, 
which  corresponds  to  fc  ■  Tf  in  the  physical  situation,  Is  regular.  Therefore, 
a  solution  which  is  analytic  at  x  »  0  or  at  the  collision  point,  t  ■  Tf, 
can  be  obtained.  Although,  a  solution  will  not  be  given  in  the  report,  a 
power  series  solution  with  a  recursion  relation  for  the  coefficients  would 
be  one  possible  approach. 


A  technique  similar  to  that  shown  above  was  used  by  R.  C.  Booton  In 
Reference  3*  Although  his  solution  was  not  completely  general,  it  was 
given  in  a  closed  fora.  His  results  covered  miss  calculations  with  both 
lags  and  noise. 

A  more  general  analysis  of  miss  can  be  found  in  Reference  2.  There 
a  closed  fora  expression  for  miss  is  obtained  without  actually  solving  the 
trajectory  equation.  The  technique  used  Involved  the  theory  of  residues, 
and  the  actual  analysis  covered  various  noise  effects. 


The  survey  and  description  of  the  possible  techniques  used  to  analyze 
systems  vith  Imperfect  dynamics  shove  that  although  the  problem  is  difficult# 
It  Is  possible  to  examine  certain  systems  analytically.  TbLi  form  of  analysis 
could  be  very  beneficial  In  the  quantitative  and  qualitative  investigations 
of  "Honing  Ouldanee"  systems. 
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By  considering  the  physical  situation  of  the  relative  Interceptor-target 
geometry,  a  few  approximations  can  he  made  so  that  the  trajectory  of  the  Inter¬ 
ceptor  can  he  described  hy  a  first  order,  linear  differential  equation.  Because 
of  the  simplicity  of  this  formulation,  various  guidance  schemes  vhlch  depend  on 
line  of  sight  information  can  he  easily  analyzed. 

The  Investigation  of  Proportional  Navigation  shows  that,  although  It  Is 
very  desirable  from  the  standpoint  of  fuel  consumption  against  non-accelerating 
targets,  the  scheme  leads  to  excessive  maneuvering  or  fuel  expenditure  against 
accelerating  targets.  This  situation  can  he  rectified  hy  using  Biased 
Proportional  Navigation.  Both  of  these  schemes  approach  an  optimum  situation 
In  the  limiting  case. 

Although  the  Inclusion  of  imperfect  interceptor  dynamics  increases  the 
difficulty  of  analysis,  the  solution  may  he  possible;  and,  therefore,  results 
v'ilch  are  better  approximations  of  the  actual  physical  situation  may  he  obtained. 
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LTST  OF  SYMBOLS 


interceptor  acceleration  vector 

component  of  the  Interceptor  acceleration  normal  to  the  line  of  eight 
component  of  the  interceptor  acceleration  along  the  line  of  sight 
target  acceleration  vector 

component  of  the  target  acceleration  vector  normal  to  the  line  of  sight 
component  of  the  target  acceleration  vector  along  the  line  of  sight 
unit  vector  normal  to  the  line  of  sight 

unit  vector  along  the  line  of  sight  directed  toward  the  target 

Interceptor  dynamics  transfer  function 

gravitational  acceleration  vector  at  the  interceptor 

component  of  the  gravitational  acceleration  normal  to  the  line  of  sight 
at  the  interceptor 

component  of  the  gravitational  acceleration  along  the  line  of  sight  at 
the  interceptor 

gravitational  acceleration  vector  at  the  target 

component  of  the  gravitational  acceleration  normal  to  the  line  of  sight 
at  the  target 

component  of  the  gravitational  acceleration  along  the  lime  of  sight  at 
the  target 

Interceptor 

line  of  sight 

scale  factor 


radius  vector  along  the  line  of  sight  from  the  Interceptor  to  the  target 
Initial  radius  (R0  »  R  (t  ■  o)  ) 
differential  operator 
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Tf  total  time  of  flight 

tine  to  go  to  intercept 
Vj  interceptor  velocity  vector 

Vl0  initial  interceptor  velocity  vector 
VT  target  velocity  vector 

initial  target  velocity  vector 

VQ  initial  velocity  vector  of  the  Interceptor  relative  to  the  target 
V  closing  velocity 

x  dimensionless  variable  that  is  proportional  to  tine 

AV  incremental  change  in  velocity 

1  navigation  constant  or  gain 

a  angle  of  the  line  of  sight 

b  time  rate  of  change  of  the  line  of  sight 
6.  line  of  sight  rate  bias 

A.  (OPT)  optimum  line  of  sight  rate  bias 
6^  initial  line  of  sight  rate  bias 
t  time  constant 
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